We derive an explicit analytical expression for the magnetic dipole moment of the ρ meson, µρ, in a relativistic constituent-quark model. We adopt our relativistic approach to composite systems, modified instant-form (mIF) Relativistic Quantum Mechanics (RQM), that we used particularly to construct a unified π&ρ model (Phys. Rev. D 93, 036007 (2016)) describing electroweak properties of light mesons. This model provides a parameter-free calculation to give µρ = 2.16 ± 0.03 [e/2Mρ] which is in accordance with the conventional experimental data. The magnetic, quadrupole and charge form factors also are derived and presented. We consider the small uncertainty of our value of magnetic moment as one of undoubted advantages of the method. A comparison is made with recent lattice QCD results and previous calculations using a variety of methods.
I. INTRODUCTION
For our understanding of the structure of strong interaction the electromagnetic form factors are of fundamental importance and give complementary information. Hadron form factors provide an important tool for understanding the structure of bound states in Quantum Chromodynamics (QCD). The study of electromagnetic properties of the π and ρ mesons consisting of two light (u, d) quarks is of particular interest because in numerous respects they are the simplest bound states.
It is worth noting that the experimental situation is quite different in the cases of π and ρ mesons. The pion properties are well known from experiments. On the contrary, the experimental data on the ρ meson are scarce. Its lifetime is very short, ∼ 4.5 × 10 −24 s, so direct measurements of its electroweak properties (e.g., electromagnetic form factors and static moments) are nearly impossible.
Nevetheless, these form factors are important for hadron physics: for example, they contribute to meson exchange currents. They are also closely related to axialvector diquark models of nucleon form factors. Besides, the description of the ρ meson is of interest on its own account. Under such conditions, the role of theoretical investigations does increase. Indeed, recently the interest in ρ meson form factors has been renewed. During last years a number of theoretical approaches to the structure of the ρ meson appeared although their results cannot be directly compared to measurements. Below we review these approaches while discussing the results of the calculations presented in the Table 1 .
Theoretical approaches to the description of bound states are split into two directions. From the high-energy * krutov@ssau.ru † polezaev@list.ru ‡ troitsky@theory.sinp.msu.ru side, QCD, which is widely believed to be a fundamental theory of the strong forces, becomes strongly coupled at the relevant energy scales, so trustable perturbative calculations help a little in the quantitative description of precise low-energy data, which there is no lack of. From the low-energy side, a number of successful models to describe the data have been developed. To be quantitative, they necessarily require some phenomenological input.
None of these models can be consistently and quantitatively derived from the QCD Lagrangian.
The approach that we use in the present paper is a particular relativistic formulation of constituent-quark model that is based on the classical paper by P. Dirac [1] (so-called Relativistic Hamiltonian Dynamics or Relativistic Quantum Mechanics (RQM)). RQM can be formulated in different ways or in different forms of dynamics. The main forms are instant form (IF), point form (PF) and light-front (LF) dynamics. The description of different forms of RQM dynamics can be found in the reviews [2] [3] [4] [5] . Today the approach is largely used for nonperturbative description of particle structure. It gives an opportunity to construct a nonperturbative QCD model on the basis of constituent-quark models. It is just such a kind of model that we have constructed [6] -the unified π&ρ model with no free parameters remaining. Now our goal is to obtain the value of the ρ meson magnetic moment µ ρ using explicit analytic formula which we derive here within the unified π&ρ model. It is extremely important to emphasize that our µ ρ is obtained without any fitting parameters: in the unified π&ρ model [6] there remains no possibility to fit, all parameters are already fixed. Our result for the magnetic moment, µ ρ = 2.16±0.03 [e/2M ρ ], compares well with the conventional experimental result, but with significantly smaller uncertainty.
The model constructed in [6] is based on our version of RQM, -the modified instant form (mIF) of RQM [7] , [8] , and on the actual calculation of the π-meson structure [9] in 1998. This model has predicted with surpris-ing accuracy the values of F π (Q 2 ), which were measured later in JLab experiments [10] [11] [12] [13] [14] (see discussion in Ref. [15] ). Another advantage of the approach is matching with the QCD predictions in the ultraviolet limit: when consistent-quark masses are switched off, as expected at high energies, the model reproduces correctly not only the functional form of the QCD asymptotics, but also the numerical coefficient; see Refs. [16] [17] [18] for details. Let us note that mIF was successfully used also for other composite systems, namely, the deuteron [19] [20] [21] and the K-meson [22] .
The rest of paper is organized as follows. In Sec. II we recall briefly the main points of our model. The ρ meson electromagnetic current is written in terms of the Sachs form factors as well as in terms of form factors appropriate to the general method of relativistic invariant parametrization of matrix elements of local operators that we use. The brief description of the modified impulse approximation (MIA) is given. In Sec. III the ρ-meson magnetic moment is obtained. It is shown that the electromagmetic static moments of the ρ meson are to be considered as regular generalized functions (distributions) determined on the space of test functions -quarkquark wave functions. To calculate the static moments one has to take the weak limits at Q 2 → 0 of corresponding functionals. The explicit analytic expression for the ρ meson magnetic moment is obtained. We discuss the values of the parameters of the model which were defined previously in [6] , and that we use here. The value of the calculated ρ meson magnetic moment is given. This Section contains a discussion and the comparison of obtained results with the results of other authors. We briefly conclude in Sec.IV and present some details of the calculation in the Appendix.
II. ELECTROMAGNETIC FORM FACTORS OF THE ρ MESON IN MODIFIED INSTANT FORM RQM
In this paper we use the relativistic constituent model that describes the hadron properties at the quark level in terms of degrees of freedom of constituent quarks. The constituent quarks are considered as extended objects, the internal characteristics of which (mean square radius, anomalous magnetic moments, form factors) are parameters of the model. As a relativistic variant of the constituent model we choose the method of RQM.
The RQM method, as a relativistic theory of composite systems, is based on the direct realization of the Poincaré algebra on the set of dynamical observables on the Hilbert space. The RQM theory of particles lies between local field theoretic models and nonrelativistic quantum mechanical models.
Contrary to the field theory, RQM deals with a finite number of degrees of freedom from the very beginning. This is certainly a kind of a model approach. The preservation of the Poincaré algebra ensures the relativistic invariance. So, the covariance of the description in the frame of RQM is due to the existence of the unique unitary representation of the inhomogeneous group SL(2, C) on the Hilbert space of composite system states with a finite number of degrees of freedom.
The mathematics of RQM is similar to that of nonrelativistic quantum mechanics and permits one to assimilate the sophisticated methods of phenomenological potentials. It can be generalized to describe three or more particles. RQM is based on the simultaneous action of two fundamental principles, relativistic invariance and the Hamiltonian principle, and presents the most adequate tool to treat the systems with a finite number of degrees of freedom. The use of RQM enables one to separate the main degrees of freedom and thus to construct a convenient relativistic invariant approach to the electroweak structure of two-particle composite systems.
We use one of the forms of RQM, namely a version of the IF. The dynamics of a composite system, that is the interaction of the constituents is described in IF in the frame of the general RQM axiomatics. This means, particularly, that the inclusion of the interaction in the algebra of the Poincaré group is realized by means of the Bakamjian-Thomas procedure [23] which permits to preserve the commutation relations between the generators of the group (the observables (see the reviews [3, 5] ). Following this procedure one includes the constituentinteraction operator by adding it to the operator of the mass of the free constituent system:
HereM 0 is the operator of the invariant mass of the system without interaction andM I is the operator of the mass of interacting system. In IF dynamics, the interaction operator obeys the following conditions:
The conditions (2) present spectral conditions for the mass operator. The equations (3) ensure that the algebraic relations of the Poincaré algebra are fulfilled. The constraints (3) are not too restrictive. For example, they are satisfied by all nonrelativistic interaction potentials. The equations (3) mean, in particular, that the interaction potential does not depend on the total moment of the system. In RQM the wave function of the system of interacting particles is defined as the eigenfunction of a complete set of commuting operators. In IF this set is:
J 2 is the operator of the square of the total angular momentum. In IF the operatorsĴ 2 ,Ĵ 3 ,ˆ P coincide with those for the free system. So, in (4) only the operator M 2 I (M I ) depends on the interaction.
To diagonalize the operatorsĴ 2 ,Ĵ 3 ,ˆ P one has first to construct the adequate basis in the state space of composite system. In the case of two-particle system the Hilbert space in RQM is the direct product of two one-particle Hilbert spaces: H≡ H q ⊗ Hq. As a basis in Hone can choose the following set of two-particle state vectors where the motion of the center of mass is separated:
Here
s is the invariant mass of the two-particle system, l is the orbital angular momentum in the center-of-mass frame (C.M.S.),
, S is the total spin in C.M.S.,J is the total angular momentum with the projection m J , and p 1 , p 2 are the constituent moments. The two-particle basis with separated motion of the center of mass (5) is connected with the basis of individual spins and momenta of two particles through the appropriate Clebsh-Gordan decomposition for the Poincaré group (see, e.g., [5] ).
So, to obtain the system wave function in the basis (5) one needs to diagonalize the operatorM 2 I (orM I ). The eigenvalue problem for the operatorM 2 I can be written in the form of nonrelativistic Schrödinger equation, the corresponding interaction operator having the meaning of a phenomenological nonrelativistic potential. The twoparticle wave function of relative motion for fixed total angular momentum is:
where u lS (k) is a model wave function which is a solution of the eigenvalue problem for the operatorM 2 I orM I in the representation given by the basis (5),
The normalization factors that stay in (6) with u lS (k) correspond to the transition to the relativistic density of states:
It is worth to notice that wave functions in RQM defined as the eigenfunctions of the operators set (4) in general are not the same as relativistic covariant wave functions defined as solutions of wave equations or as the matrix elements of a local Heisenberg field.
Our approach has a number of features that distinguish it from other forms of dynamics and other approaches in the frames of IF [5, 7, 8] . In particular, this approach (see, for example, [5, 8] ) differs essentially from that of traditional RQM in what concerns the method of construction of transition current operators. The main point of our approach to the construction of the electroweak current operator is the so-called method of the canonical parametrization of the local operator matrix elements. The foundation of the method was given in [24] and it was generalized to the case of composite systems in [25] [26] [27] . This parametrization is a realization of the Wigner-Eckart theorem for the Poincaré group [27] and so it enables one, for given matrix element of arbitrary tensor dimension, to separate the reduced matrix elements (form factors) that are invariant under the action of the Poincaré group. Matrix element of an operator is presented by a sum of terms which are the products of a covariant and an invariant parts. The covariant part of the matrix element describes its transformation (geometrical) properties while all the dynamical information about the transition is contained in the invariant partin the reduced matrix elements, or form factors. In our approach, the reduced matrix elements are generalized functions. Strictly speaking, they are generalized functions in all cases of composite models, in particalar, if one uses impulse approximation.
Our approach has the following characteristic features: (a) The electroweak current matrix element satisfies automatically the relativistic covariance conditions and in the case of the electromagnetic current also the conservation law.
(b) We propose a modified impulse approximation (MIA), which is formulated in terms of reduced matrix elements and not in terms of operators as it takes place in standard impulse approximation. It is constructed in a relativistic invariant way. This means that our MIA does not depend on the choice of the coordinate frame, and this contrasts principally with the "frame-dependent" impulse approximation usually used in the instant form (IF) of dynamics.
(c) For composite systems (including the spin-1 case) the approach guarantees the uniqueness of the solution for form factors and does not use such concepts as "good" and "bad" current components.
The analytic properties of the pion form factor in the complex plane of the transfer momentum square in our model correspond to properties that follow from general principles of quantum field theory [28] . The model was also applied to the calculation of electroweak parameters of the ρ meson [6] , for which particularly interesting relations have been obtained. It is just those results which give the parameter-free method that permits to obtain the magnetic moment of the ρ meson without any fitting.
The static electromagnetic moments of a particle are the limit values of Sachs form factors at Q 2 → 0. For spin-1 particles, including ρ meson, the electromagnetic current matrix element can be written in terms of Sachs form factors in the Breit frame as follows (see, e.g., [29, 30] ):
Here G C , G Q , G M are the charge, quadrupole and magnetic form factors, respectively,
The arguments of the polarization vector ξ are the projections of the total angular momentum. The static limits of form factors in (8) give the magnetic µ ρ (in units e/2M ρ ) and the quadrupole Q ρ moments [30] :
One can use the general procedure of relativistic covariant construction of local operators matrix elements to obtain, in our version of IF RQM, the current matrix element (8) in an arbitrary coordinate system [8] :
Here p 
The spin 4-vector Γ ν (p ρ ) is (see, e.g., [5] ):
One can easily obtain the relation between the form factors in the form (10) and Sachs form factors (8):
In the paper [8] the form factors (10) were presented in the form of double integrals:
where ϕ(s) is the quarks wave function in the ρ meson in the sense of RQM,G in (s, Q 2 , s ′ ) are the reduced matrix elements on the Poincaré group. They are Lorentzinvariant regular generalized functions.
It is worth to note that while obtaining (13) no assumption or approximation concerning the form of the electromagnetic current operator was made. We have not assumed, in particular, that the current operator is a sum of the one-particle current operators of the costituents, that means that we have not used the socalled impulse approximation which is known to break the Lorentz-covariance and the conservation law for the composite-system electromagnetic current in IF RQM. So, for (13) the Lorentz-covariance and current conservation law are valid.
In general, the explicit form of the functions G in (s, Q 2 , s ′ ), is unknown. To calculate these functions we propose a modified impulse approximation (MIA). In contrast to the generally accepted impulse approximation MIA is formulated in terms of reduced matrix elements on the Poincaré group (form factors) extracted from the current matrix element and not in terms of current operators themselves. For the case (13) MIA means that the reduced matrix elementsG in (s, Q 2 , s ′ ) are changed for the free two-particle form factors with no interaction between components. Such free form factors enter the electromagnetic current matrix element for a system of two free particles with ρ-meson quantum numbers. The corresponding formulae for these form factors are given in the Appendix. Note that the current matrix element as a whole still contains some contributions of two-particle currents in a way which such that ensures its correct transformation properties.
Using the relations (12) we derive the integral representations for the ρ-meson Sachs form factors in MIA:
where g 0C , g 0Q , g 0M are the free two-particle charge, quadrupole and magnetic form factors for the system of two free fermions with quantum numbers of ρ meson respectively (the explicit expression for these form factors are given in Appendix), ϕ(s) is the two-quark ρ-meson wave function in the sense of RQM,
with the normalization condition:
As was shown in [7] the free two-particle electromagnetic form factor is a regular generalized function (distribution) defined on the space of test functions in R 2 , Q 2 is the parameter of the generalized function. This generalized function giving the ρ meson form factor is given by the functional g 0i (s, Q 2 , s ′ ) , φ(s, s ′ ) , i = C, Q, M that is defined as an integral of the product of the function g 0i (s , Q 2 , s ′ ) and the test function φ(s, s ′ ). If we take the product of quark wave functions in the initial and the final states for the test function, then the considered functional is the corresponding ρ-meson form factor.
III. THE ρ-MESON MAGNETIC MOMENT IN π&ρ MODEL. RESULTS AND DISCUSSION
To calculate the ρ-meson magnetic moment in our approach we have to take the static limit of the form factor (14) and to choose the values of the parameters entering our equations. The limit is to be taken in the weak sense and there is no need in fitting the parameters: all of them were fixed in our π&ρ model in our previous work [6] .
It is easy to see that the function (14) has no strong limit at Q 2 → 0. As the function is a generalized function one has to take the limit in the weak sense. So, the (weak) static limit of (14) gives the following ρ-meson magnetic moment:
where κ u , κd are anomalous magnetic moments of u -and d-quarks. It is of interest to separate the contribution to (16) of purely relativistic kinematic effect of the Wigner rotation of quark spins [7, 8] that appears under relativistic invariant spin summation. If we put ω 1 = ω 2 = 0 in the free two-particle magnetic form factor (see Appendix) we obtain the magnetic moment without taking into account the Wigner spin rotation in the form:
The spin-rotation contribution is negative and its value is ≈ 15% of that of the ρ-meson magnetic moment.
To calculate the numerical value of the ρ-meson magnetic moment (16) we use for the wave functions in the sense of RQM (15) the following model wave function that depends on only one parameter and is largely used in relativistic composite quark model (on a level with harmonic oscillator wave function) [31] (see, also [32] ), the power-law wave functions:
The parameters that enter our calculation in whole are from two groups: 1) the parameters that describe the constituent quarks per se (the quark mass M , the anomalous magnetic moments of quarks κ q , that enter our formulae through the sum s q = κ u + κd, and the quark mean square radius (MSR) r 2 q ); 2) the parameter b ρ that enters the quark wave function (18) and is determined by the quark interaction potential.
As it was shown in [6] , to calculate electroweak properties of the ρ meson one can use the same values of quark parameters from the first group as that were used for the pion [9] . In the paper [9] on pion we have shown that in our approach all the parameters of the first group are the functions of the quark mass M and are defined by its value. In particular, for the quark MSR we can use the relation (see, also [34] ):
In our π&ρ model [6] the mass of the constituent ud quarks was choosen to be M = 0.22 GeV. The sum of the anomalous magnetic moments of quarks was taken as s q = 0.0268 in quark magnetons. It is just these values of the parameters that in the frame of our version of IF RQM provide the successful and predictive description of pion properties [9, 15] , as it was mentioned in the Introduction.
For the parameter b ρ of the wave function we use the value obtained in our paper [6] from the fitting of the lepton decay constant of the ρ meson. Using the wave function (18) with n = 3 we have obtained b ρ = (0.385 ± 0.019) GeV. The uncertainty is due to the uncertainty of the experimental value of the decay constant f exp ρ = (152 ± 8) MeV [36, 37] . The calculation of [6] schematically can be presented as a chain : 20) and the obtained value r 2 ρ = (0.56 ± 0.04) fm 2 one can consider as a theoretical extraction of the experimental value (see, e.g., [38] ).
The electromagnetic form factors of constituent quarks are taken in the form [5, 16, 17, 40] ,
where e q is the quark charge and κ q is the quark anomalous magnetic moment. The quark form factor has the form [40] 
q is the MSR of the constituent quark. Values of all parameters used in these expressions are taken from the π-meson calculation. As we have mentioned these values give the pion form factor asymptotics at large momentum transfer that coincides with that of QCD (see e.g. Ref. [17] ).
In Figures 1 -3 the results for the electromagnetic ρ-meson form factors obtained with the parameters described above are presented. For comparison the results from some other papers are given. Our quadrupole form factor differs strongly from that of other given results. In this context it is necessary to note that we (as opposed to, e.g., [46] ) take into account the quark structure in terms of quark form factors (21), (22) , that accelerating the decay of form factors. Note that the calculation using the formulae analogous to (14) described well the electron-deuteron polarization scattering [19] and so the experimental deuteron quadrupole form factor.
Finally, using the mentioned values of the parameters of the π&ρ model, we obtain from (16) which is in accordance with the conventional experimental data.
During the last decade, a number of papers appeared that considered the electroweak properties of ρ meson according to the growing interest to the problem. A lot of theoretical information is obtained while the experimental base remains scare. We list below only the papers where the value of the ρ-meson magnetic moment is given whereas a lot of interesting papers on ρ meson remain out of scope, for example those based on the holographic approach [41] .
First, we refer to different formulation of RQM in the frame of relativistic composite model (see, e.g., [42] [43] [44] [45] [46] [47] [48] [49] [50] . These approaches are the most close in spirit to our approach. There are approaches based on the DysonSchwinger equation [51] [52] [53] [54] [55] , on the Nambu-Jona-Lasinio model [56, 57] . Some authors use QCD sum rules [58, 59] , Feynmann diagrams in the light front formalism [60] , the bag model [61] , relativistic composite model [62] , the constructed relativistic Hamiltonian [63] , a low-energy effective field theory [64] , or lattice QCD calculations [65] [66] [67] [68] [69] . In the paper [70] the ρ meson magnetic moment is obtained from BABAR cross section data for the reaction e + e − → π + π − 2π 0 . They found the values using preliminary data from the BABAR Collaboration for the µ exper ρ =2.1 ± 0.5 [e/2M ρ ]. In a recent paper, BABAR Collaboration presents [71] the new experimental results concerning the mentioned reaction. One can hope that the new data processing would make it possible to increase the precision of the value of µ ρ extracted from the experimental data.
The values of the ρ-meson magnetic moment in different approaches are presented in Table I .
One can see from Table I that the majority of results is grouped close to the value µ ρ = 2e/2M ρ , that is near the gyromagnetic ratio g = 2. The authors of the paper [72] noted, that universal closeness to g = 2 may be also understood in comparison to the Equivalence Principle for vector mesons.
Let us discuss briefly our results. We emphasize once again that our calculation of the magnetic moment in the frane of the π&ρ -model is parameter-free and is in a very good accordance with experiment. The given value of the uncertainty of our result is totally due to the uncertainty of the experimental data for f ρ . So, the refinement of this data will bring about the decrease of the uncertainty of our result for µ ρ .
It is worth to notice that the π&ρ model gives the value of the charge ρ-meson radius [6] in accordance with the Wu-Yang hypothesis [73] (see also Refs. [74] [75] [76] [77] ). 2.14 Bakker, LF RHD [44] 2.1 Jaus, LF RHD [45] 1.83 Choi, LF RHD [46] 1.92 He, LF, IF RHD [47] 1.5 He, PF RHD [47] 0.9 Biernat, PF RHD [48] 2.20 Sun, LCCCM [49] 2.06 Hawes, DSE [51] 2.69 Ivanov, DSE [52] 2.44 Bhagwat, DSE [53] 2.01 Roberts, DSE [54] 2.11 Pitschmann, DSE [55] 2.11 Carrillo-Serrano, NJL [56] 2.59 Luan, NJL [57] 2.1 Samsonov, QCD sum rules [58] 2.0 ± 0.3 Aliev, QCD sum rules [59] 2.4 ± 0.4 Melikhov, LF triangle [60] 2.35 Simonis, bag model [61] 2.06 Bagdasaryan, relativistic CQM [62] 2.3 Badalian, RH [63] 1.96 Djukanovic, EFT [64] 2.24 Andersen, Latt. [65] 2.25 ± 0.34 Hedditch, Latt. [66] 2.02 Lee, Latt. [67] 2.39 ± 0.01 Owen, Latt. [68] 2.21 ± 0.08 Lushevskaya, Latt. [69] 2.11 ± 0.10 Gudiño, Exper. [70] 2.1 ± 0.5
IV. CONCLUSIONS
To summarize, we calculate the magnetic dipole moment of the ρ meson, µ ρ , in relativistic constituent-quark model. We derive explicit analytical expression for µ ρ exploiting our relativistic approach to composite systems, a version of the instant-form Relativistic Quantum Mechanics. We have used this approach in the paper [6] to construct a unified π&ρ model describing electroweak properties of light mesons. In the present paper we calculate µ ρ using our unified π&ρ model without addition of any fitting parameters. This parameter-free calculation gives the value contribution of the Wigner spin rotation to the magnetic moment µ ρ is (≈ 15%). We consider the small uncertainty (≈ 1.4%). of our value of magnetic moment as one of undoubted advantages of the method. A comparison is made with recent lattice QCD results and other calculations using variety of methods.
So, we can state that in the frame of our π&ρ model, that is in our version of IF RQM approach and at the same common values of quark parameters, the concordant description of electroweak properties of the π and ρ mesons is obtained. The constructed relativistic approach demonstrated the predictability in describing the pion electromagnetic form factors (see our paper [15] ) and gives, in accordance with experimental data, the electroweak characteristics of the pion as well as of the ρ meson.
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APPENDIX
The charge g 0C , quadrupole g 0Q and magnetic g 0M form factors for free two-particle system are:
× [2 cos(ω 1 − ω 2 ) + cos(ω 1 + ω 2 )]
× [sin(ω 1 − ω 2 ) + sin(ω 1 + ω 2 )]} ; (A2) 
, θ is the step-function.
M -the mass of u-andd quarks. The functions 
